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Système à contrôler

u(t)

y(t)Perturbations

Filtre adaptatif

Erreurs de mesure

Capteurs

Référence



A = Ai.e
j.φi + Ai.(1 + �A).ej.(φi+�φi+π)

Ai φi

�Ai �φi

R = 20.Log| A
Ai

| = 20.Log|ej.φi + (1 + �A).ej.(φi+�φ+π)|

�φi

�Ai φi



Dimension
caractéristique

du système
(m)

Fréquence
(Hz)

densité
modale

croissante

densité
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décroissante
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A( (x, t)) + ρ.∂2 (x,t)
∂t2

= F x ∈ V0

Cn( (x, t)) = t x ∈ SV0

Cd( (x, t)) = u x ∈ Su






V0

SV0

Su

A
Cd

Cn

ρ

F
t V0

u u

A(φ(x)) − Ω2.ρ.φ(x) = 0 x ∈ V0

Cn(φ(x)) = t x ∈ SV0

Cd(φ(x)) = u x ∈ Su

{
φ(x)
Ω

φi ωi
ieme

∫
V0

ρ.φT
j (x).φi(x)dV = δij∫

V0
φT

j (x).A(φi(x))dV = δij.ω
2
i

(x, t) =
∞∑
i=1

φi(x).ηi(t) = φ(x).η(t)

η(t)

M.q̈(t) + K.q(t) = F.u(t) + E.w(t)






M
K
F
E

Ω = (ω1, ..., ωN)T .Identite, φ = {φ1, ..., φN}

ω2.M.φ = K.φ

q(t) =
N∑

i=1

φi.ηi(t) = φ.η(t)

{
φT .K.φ = Ω2

φT .M.φ = Identite

Identite.η̈(t) + Ω2.η(t) = φT .F.u(t) + φT .E.w(t)

A( (x, t)) + B( (x, t)) + ρ.∂2 (x,t)
∂t2

= F x ∈ V0

Cd( (x, t)) = t x ∈ SV0

Cn( (x, t)) = u x ∈ Su



Ca

Identite.η̈(t) + φT .Ca.φ.η̇(t) + Ω2.η(t) = φT .F.u(t) + φT .E.w(t)

φT .Ca.φ

φT .Ca.φ

η̈i(t) +
N∑

k=1

ξk.ωk.η̇k(t) + ω2
k.ηi(t) = φT

i .F.u(t) + φT
i .E.w(t)

ξk

η̈i(t) + 2.ξi.ωi.η̇i(t) + ω2
k.ηi(t) = φT

i .F.u(t) + φT
i .E.w(t)

2.ξi.ωi

|ωi − ωj| � 1 {i, j} ∈ {1, ..., N}






q(t) = [q1(t)q2(t)...qN(t)]t

q̇(t) = [q̇1(t)q̇2(t)...q̇N(t)]t

q̈(t) = [q̈1(t)q̈2(t)...q̈N(t)]t

u(t) = [u1(t)u2(t)...uk(t)]
t

q̈(t) = f(q(t), q̇(t), u(t))

f

x(t) =

(
q(t)
q̇(t)

)

ẋ(t) = a(x(t), u(t))

a(t) =

(
q̇(t)

f(q(t), q̇(t), u(t))

)

xe(t)

a(xe(t), 0) = 0

xe(t)

ẋ(t) = A.x(t) + B.u(t)



Ca

d

dt

(
q(t)
q̇(t)

)
=

[
0 Identite

−M−1.K −M−1.Ca

]
.

(
q(t)
q̇(t)

)
+

[
0

M−1.F

]
.u(t)

{
ẋ(t) = A.x(t) + B.u(t)
y(t) = C.x(t) + D.u(t)




y(t) = [y1(t)y2(t)...yr(t)]
t

C
D

X(t) =

(
η(t)
η̇(t)

)

X(t) =

(
Ω.η(t)
η̇(t)

)

Amodale

d

dt

(
η(t)
η̇(t)

)
=

[
0 Identite

−Ω2 −2.ξ.Ω

]
.

(
η(t)
η̇(t)

)
+

[
0

φT .F

]
.u(t)






Ẋ(t) = Amodale.X(t) + Bmodale.u(t)

y(t) = C.

[
φ 0
0 φ

]
.X(t) + D.u(t)

{
ẋc(t) = Ac.xc(t) + Bc.y(t)
u(t) = Cc.xc(t) + Dc.y(t)

c


 ẋ

ẋc

y


 =


 A + BDc(Identite − DDc)

−1C BCc + BDc(Identite − DDc)
−1DCc

Bc(Identite − DDc)
−1C Ac + Bc(Identite − DDc)

−1DCc

(Identite − DDc)
−1 (Identite − DDc)

−1DCc


 .

(
x
xc

)

(
˙̂x
y

)
=

[
Abf Bbf

Cbf Dbf

]
.x̂

A
Abf



B C

B C

y(t) = [yN(z1, t), ..., yN(zq, t))]
T yN(zq, t) =

∑N
i=1 φi(zq).αi(t)

{
zq

ieme q ∈ [1, ..., Q]
αi(t)

x(t0) y(t)
t0 ≤ t ≤ tfinal



Oo =




C
C.A
...

C.A2N−1




Go(t) =
∫ t

0
exp(AT .t).CT .C.exp(A.t)dt

o(t)

o

o

u(t)
x(t0) x(tf )

x(t0)



Cc =
[

B, A.B, ..., A2N−1.B
]

Gc(t) =
∫ t

0
exp(A.t).B.BT .exp(AT .t)dt

c

c

x
V (x, t)

{
V (0, t) = 0
α(‖x‖) ≤ V (x, t) ≤ β(‖x‖)



α(.) β(.) [0, +∞[

V = xT .P.x

W V

W (x, t) =
d

dt
(V (x, t)) =

n∑
i=1

∂V

∂xi

.ai(x(t), 0) +
∂V

∂t

W (x, t) ≤ 0 x t

W (x, t) ≤ −γ(‖x‖) γ

ẋ(t) = A.x(t)

x

v(x) = xT .P.x

V (x, t)
t

dV (x, t)

dt
= (

dV (x, t)

dx
)T .

dx

dt
= xT .(AT .P + P.A).x

Q

Q = −AT .P − P.A



∫ +∞

0
xT (t).Q.x(t).dt = xT

0 .P.x0

u = g(x(t))

C = BT

Abf



Système à contrôler
G

u(t)

y(t)Perturbations

Compensateur
H

-
+

ω < ω1

ω > ω2

|1 + GH(ω)| ≥ ps(ω) ω ≤ ω1

ps(ω)



ω1 ω2

ps(ω)

GH

Erreur statique

Bruit du capteur

ps(ω)

|GH(ω)| � 1 ω > ω2

ω2

G P

|HG| = 1
−π |HG(ωc) = 1|

ωc



W(rad/s)

W(rad/s)

-180 °

Arg(GH) 0

0

20.Log GH

Marge de gain

W(rad/s)

W(rad/s)

-180 °

Arg(GH) 0

0

20.Log GH

Marge de phase



[
A B
C D

]
=

[
Anominal Bnominal

Cnominal Dnominal

]
+

[
∆A ∆B
∆C ∆D

]

G′(ω) G(ω)

G′(ω) = G(ω) + ∆G(ω) |∆G(ω)| < la(ω)

G′(ω) = G(ω).[1 + L(ω)] |L(ω)| < lm(ω)

lm(ω)
lm(ω) lm(ω) � 1

lm(ω) lm(ω) � 1

lm(ω)

lm(ω)

|1 + GH| ∆GH

|1 + GH| ≥ |GH|.lm(ω) ⇐⇒ 1

lm(ω)
≥ |GH|

|1 + GH|

|GH|
|1 + GH| ∼ |GH|

1

lm(ω)
≥ |GH|

|GH|−1

|1 + (GH)−1| ≥ lm(ω)



Système initial

Système perturbé

-1

GH
DGH

1+GH

Cercle d'incertitude

Im(GH)

Re(GH)

|1 + (1 + L).GH(ω)| ≥ ps(ω)

|1 + (1 − lm(ω)).GH(ω)| ≥ ps(ω).

GH(ω) ≥ ps(ω)

1 − lm(ω)
.

|GH|



ω1

ω2

GH

Performance robuste et

rejet de la perturbation

Bruit du capteur

1/lm(ω)

Robustesse de stabilité et

rejet du bruit du capteur

|GH|



Bc

Br

Ac

Ar

Cc

Cr

Modes contrôlés

xc(t)

xr(t)

Modes résiduels

Actionneurs Capteurs

y(t)

Contrôleur

Sorties du système
Contrôle

u(t)

ẋc(t) = Ac.xc(t) + Bc.u(t)
ẋr(t) = Ar.xr(t) + Br.u(t)

y(t) = Cc.xc(t) + Cr.xr(t) + D.u(t)

˙̂xc(t) = Ac.x̂c(t) + Bc.u(t) + Kc.(y(t) − Cc.x̂c(t))

(y(t)−Cc.x̂c(t))
Kc xc(t)

x̂c(t)

u(t) = −Gc.x̂c(t)

(xc(t) ec(t) xr(t))
T

ec(t) = xc(t) − x̂c(t)
 ẋc(t)

ėc(t)
ẋr(t)


 =


 Ac − Bc.Gc Bc.Gc 0

0 Ac − Kc.Gc −Kc.Cr

−Br.Gc Br.Gc Ar






Kc.Cr Br.Gc

Cr.xr(t)
Br.u(t) Cr = 0

Br = 0
Cr �= 0 Br �= 0

Kc.Cr Br.Gc

Br Cr
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e



2

−→
Z 2



z

x

yα
β

γ

x = y = z α = β = 90◦ γ = 120◦

Si4+

O2-

+ +

+

-

- -

F

F

+ +

+

-

- -

Electrodes

+

-

a)

b)

Y

X

Si4+

O2-

−→
Z−→

X



−→
F

−→
X

−→
X−→

Y

−→
P

−→
E

Mode longitudinal Mode transversal Mode de cisaillement

Electrode d'alimentation

V

V

V

Sens du champ de polarisation P



d33



d31

d15

d15



L1 C1 R1

C0

L1

C1 R1

C0

C0

R1

C0



106





Ti = cE
ij.Sj − et

mi.Em Dm = emi.Si + εS
mn.En

Ti = cD
ij .Sj − ht

mi.Dm Em = −hmi.Si + βS
mn.Dn

Si = sE
ij.Tj + dt

mi.Em Dm = dmi.Ti + εT
mn.En

Si = sD
ij .Tj + gt

mi.Dm Em = −gmi.Ti + βT
mn.Dn

{
m, n
i, j

E

D

T

S




T1

T2

T3

T4

T5

T6




=




T11

T22

T33

T23

T13

T12




,




S1

S2

S3

S4

S5

S6




=




S11

S22

S33

2 × S23

2 × S13

2 × S12




Sij =
1

2
.(

∂ i

∂xj

+
∂ j

∂xi

)

= [ 1, 2, 3]
t

d e g h

dnj = εT
mngmj = enis

E
ij

enj = εS
mnhmj = dnic

E
ij

gnj = βT
mndmj = hnis

D
ij

hnj = βS
mnemj = gnic

D
ij



C.m−2

V.m−1

ε F.m−1

β m.F−1

N.m−2

m2.N−1

N.m−2

ij C.N−1

ij C.m−2

ij V.m.N−1

ij V.m−1

ij m.V −1

ij N.m−1.V −1

ij m.V −1

ij N.C−1



{
m, n
i, j

T = cS − eT E

D = eS + εE

E =
−∇V V

[
T
D

]
= ∇.

[
c −et

e ε

] [
−V

]

9×9

Ω ∂Ω

[ ∇.T
∇.D

]
= ∇.

[
c −et

e ε

] [ ∇.
−∇.V

]
=

[
ρ.¨ − f

ρe

]

©

V = V0 ∂Ω

v s

qv = Div
−→
D = ∂Di

∂xi

qs = [Di].ni



{
ni

[Di]

[Di] = (Di)exterieur − (Di)systeme



A
A

B
B

C

C

D
D

x

x

z

zb

ub

u0

α

−→x −→y −→z

u(x, y, z) = u0(x, y) − z.∂w
∂x

(x, y)
v(x, y, z) = v0(x, y) − z.∂w

∂x
(x, y)

w(x, y, z) = w(x, y)

3
t

D3 = ε33.E3 + d31.P1(x, y).T1 + d32.P2(x, y).T2






z0

[c]
Pi

E3 = −V3.h

P1 P2

E3

z

x

L

-e/2

e/2

ep+e/2y0

V



e31

µ

µ
µ

x = L

d33

µ µ µ µ µ
µ

31 �= 0 µ
µ
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modélisation avec d31 seul
modélisation complète

modélisation de Kirchhoff-Love



Dépôts chimiques Dépôts physiques

En solution En phase vapeur

Sol-Gel

MOD

MOCVD

PECVD

Pulvérisation

Ablation laser

EJM

Evaporation
faisceaux d'électrons



E





µm
SiO2

Ti/TiO2 nm Pt nm
PbTiO3 nm



nm
µm

µm × µm



µm µm

SiO2

µm



Cristallites
Joints de grains

Rugosité aux interfaces
Variation d'épaisseur

Craquelures
Interaction
film/substrat Défauts

(pores ..)

Contraintes

Film déposé

Substrat
préparé

(a) (b) (c)

+

-

A
xe

d
e

p
o

la
ri

sa
ti

o
n

+

-

+

-

+

-



C.mm−1

V.mm−1

Ec



P(C/mm)

E(V/mm)

Polarisation
rémanente

Polarisation
rémanente

E(V/mm)

S (µdef )

(a)

(b)

-Ec

-Ec Ec

Ec



◦

◦

◦

d15

◦

◦

◦

◦

◦
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G.b.s
s+b

F

v

G.b.s/(s+b)

(a)

(b)



ξ

0

Axe des réels

A
xe

d
es

im
ag

in
ai

re
s

pôle de la structure

zéro de la structure

Dérivateur

gain optimal ksi optimal

ẋ(t) = A.x(t) + B.u(t)



y(t) = G.x(t)

u(t)

J = minu(t)(
∫ +∞

0
xT (τ).Q.x(τ) + uT (τ).R.u(τ)dτ)




x

u(t)

u(t)

J = minu(t)(
∫ +∞

0
Em(τ) + Ec(τ)dτ)

{
Em

Ec

G = −R−1.Bt.P



Identite.η̈(t) + φT .Ca.φ.η̇(t) + Ω2.η(t) = φT .F.u(t) + φT .E.w(t)

φT .Ca.φ

{
G = Ω2 − Ω.(Ω2 + R−1)

1
2

H = φT .Ca.φ − ((φT .Ca.φ)2 + R−1 + (2.Ω.(−Ω + (Ω2 + R−1)
1
2 )))

1
2



ν(t)
Υ ‖ ν(t) ‖≤ νmax

νbang(t)
Υ ‖ νbang(t) ‖= νmax

(A − B.G(I − D.G)−1.C)

G

G



π
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0

Am
pl

itu
de

(d
B)

10
0

10
1

10
2

10
3

10
4

10
5

0

45

90

135

180

Ph
as

e(
de

g)

Fréquence (Hz)

g.s
s+a

g

g
s

−g.ω2
f

s2+2.ξf .ωf .s+ω2
f

−g
s

(x0, t)
IFF (x0, t)

u̇(x0, t)
DV F (x0, t)

IFF (x, t) = −gIFF .
∫

F (t)dt

IFF



P (t) = F (t). ˙ IFF (x, t) = −gIFF .F 2(t) ≤ 0 ∀

DV F (x, t) = −gDV F .u̇(x, t)

DV F

P (t) = DV F (x, t). ˙u(x, t) = −gDV F .u̇2(x, t) ≤ 0 ∀

IFF (x, t)
DV F (x, t)

A( (x, t)) + B( (x, t)) + ρ.∂2 (x,t)
∂t2

= F x ∈ V0

Cn( (x, t)) = t x ∈ SV0

Cd( (x, t)) = u x ∈ Su{
Cn( (x, t)) = t + DV F (x, t) x ∈ Sc

Cd( (x, t)) = u + IFF (x, t) x ∈ Sc



Sc

{
DV F (x, t) = −gDV F .∂ (x,t)

∂t
x ∈ Sc

IFF (x, t) = −gIFF .
∫

Cn( (x, t))dt x ∈ Sc

∈ Sc

∈ Sc





h >> hp

xp

hp
h

l
L

hp

z
x

y

E.I.
∂4w(x, t)

∂x4
+ ρ.S.

∂2w(x, t)

∂t2
=

h

2
.e31.l.V.

∂2P (x, xp)

∂x2

+

{
w(0, t) = 0 ∂w(0,t)

∂x
= 0

∂2w(L,t)
∂x2 = 0 ∂3w(L,t)

∂x3 = 0






E m−2

I m4

w(x, t) −→z
ρ m−3

S m2

l m
e31 m−1.V −1

V V
P (x, , xp) = H(x) − H(x − xp)

P(x)

x

1

0
xp L

E.I.
∂4w(x, t)

∂x4
+ ρ.S.

∂2w(x, t)

∂t2
=

h

2
.e31.l.V.(δ́(x) − δ́(x − xp))

{
w(0, t) = 0 ∂w(0,t)

∂x
= 0

∂2w(L,t)
∂x2 = 0 ∂3w(L,t)

∂x3 = 0

∀w̃ ∈ {H2[0, L]/w̃(0) = ∂w̃
∂x

(0) =
0}
∫ L

0
E.I.

∂4w(x, t)

∂x4
.w̃dx +

∫ L

0
ρ.S.

∂2w(x, t)

∂t2
.w̃dx =

h

2
.e31.l.V.

∫ L

0
(δ́(x) − δ́(x − xp)).w̃dx

∫ L

0
E.I.

∂2w(x, t)

∂x2
.
∂2w̃(x, t)

∂x2
dx +

∫ L

0
ρ.S.

∂2w(x, t)

∂t2
.w̃dx = −h

2
.e31.l.V.(

∂w̃(xp, t)

∂x
)



xp xp

xp

∀w̃1 ∈ {H2[0 xp]/w̃1(0) =
∂w̃1

∂x
(0) = 0}

∫ xp

0
E.I.

∂4w(x, t)

∂x4
.w̃1dx +

∫ xp

0
ρ.S.

∂2w(x, t)

∂t2
.w̃1dx = 0

E.I.∂3w−(xp,t)
∂x3 .w̃1(xp) − E.I.∂2w−(xp,t)

∂x2 .∂w̃1(xp)
∂x

+
∫ xp

0 E.I.∂2w(x,t)
∂x2 .∂2w̃1

∂x2 dx +
∫ xp

0 ρ.S.∂2w(x,t)
∂t2

.w̃1dx = 0

xp

∀w̃2 ∈ H2[xp L]

∫ xp

0
E.I.

∂4w(x, t)

∂x4
.w̃2dx +

∫ xp

0
ρ.S.

∂2w(x, t)

∂t2
.w̃2dx = 0

−E.I.∂3w+(xp,t)
∂x3 .w̃2(xp) + E.I.∂2w+(xp,t)

∂x2 .∂w̃2(xp)
∂x

+
∫ xp

0 E.I.∂2w(x,t)
∂x2 .∂2w̃2

∂x2 dx +
∫ xp

0 ρ.S.∂2w(x,t)
∂t2

.w̃2dx = 0

w̃2(xp) =
w̃1(xp) = w̃(xp)

∂w̃2

∂x
(xp) = ∂w̃1

∂x
(xp) = ∂w̃

∂x
(xp)

∀w̃ ∈ H2[0 L]/w̃(0) = ∂w̃
∂x

(0) = 0}

w̃(xp).(E.I.∂3w−(x,t)
∂x3 − E.I.∂3w+(x,t)

∂x3 ) + ∂w̃(xp)
∂x

.(E.I.∂2w+(x,t)
∂x2 − E.I.∂2w−(x,t)

∂x2 )

+
∫ L
0 E.I.∂2w(x,t)

∂x2 .∂2w̃
∂x2 dx +

∫ L
0 ρ.S.∂2w(x,t)

∂t2
.w̃dx = 0

∀w̃ ∈ {H2[0, L]/w̃(0) = ∂w̃
∂x

(0) = 0}

h
2
.e31.l.V.(∂w̃(xp,t)

∂x
) =

w̃(xp).(E.I.∂3w−(x,t)
∂x3 − E.I.∂3w+(x,t)

∂x3 ) + ∂w̃(xp)
∂x

.(E.I.∂2w+(x,t)
∂x2 − E.I.∂2w−(x,t)

∂x2 )



w̃(xp) = 0

h
2
.e31.l.V.(∂w̃(xp,t)

∂x
) = ∂w̃(xp)

∂x
.(E.I.∂2w+(x,t)

∂x2 − E.I.∂2w−(x,t)
∂x2 )

⇐⇒ h
2
.e31.l.V = (E.I.∂2w+(x,t)

∂x2 − E.I.∂2w−(x,t)
∂x2 )

(]0 xp[) (]xp L[)

E.I.
∂4w1(x, t)

∂x4
+ ρ.S.

∂2w1(x, t)

∂t2
= 0 E.I.∂4w2(x,t)

∂x4 + ρ.S.∂2w2(x,t)
∂t2

= 0

w(0, t) =
∂w(0, t)

∂x
= 0 ∂2w(L,t)

∂x2 = ∂3w(L,t)
∂x3 = 0

xp

w1(xp) = w2(xp),
∂w1

∂x
(xp) = ∂w2

∂x
(xp),

∂2w1

∂x2 (xp) = ∂2w2

∂x2 (xp) + h
2.E.I

.e31.l.V, ∂2w1

∂x2 (xp) = ∂2w2

∂x2 (xp)

x = xp

y = β.∂w(xp)
∂x

u = −G.∂y
∂t

Me = E.I.∂2w(x,t)
∂x2

(]0 xp[) (]xp L[)

E.I.
∂4Me1

∂x4
+ ρ.S.

∂2M1e

∂t2
= 0 E.I.∂4Me2

∂x4 + ρ.S.∂2Me2

∂t2
= 0

Me2(L, t) =
∂Me2(L, t)

∂x
= 0 ∂2Me1(0,t)

∂x2 = ∂3Me1(L,t)
∂x3 = 0

xp

∂Me1

∂x
(xp) =

∂Me2

∂x
(xp), Me1(xp) − Me2(xp) = δMe = h

2
.e31.l.V



∂2Me

∂x2
∂3Me

∂x3 xp
∂2w
∂t2

∂3w
∂x2∂t

y = β.
∂w(xp)

∂x

∂2Me(x,t)
∂x2 = −ρ.S.∂2w(x,t)

∂t2

ÿ = − β

ρ.S
.
∂3Me(xp, t)

∂x3

ke


−E.I.∂3Me1(xp,t)
∂x3 = −ke.(Me1(xp, t) − Me2(xp, t) − δMe(xp, t))

et

−E.I.∂3Me2(xp,t)
∂x3 = ke.(Me2(xp, t) − Me1(xp, t) + δMe(xp, t))

ke −→ +∞ Me1(xp, t)−Me2(xp, t) −→ δMe(xp, t)
ke Me1(xp, t) Me2(xp, t)

∀m̃ ∈ {H2[0, L]/m̃(L) = ∂m̃
∂x

(L) =
0}

xp xp

∫ L
0 E.I.∂2Me(x,t)

∂x2 .∂2m̃
∂x2 dx +

∫ L
0 ρ.S.∂2Me(x,t)

∂t2
.m̃dx

= −ke.(Me1(xp, t) − Me2(xp, t) − δMe(xp, t)).m̃(xp)

ÿ = − β
ρ.S∗E.I

.ke.(Me1(xp, t) − Me2(xp, t) − δMe(xp, t))

Me1(xp, t)−Me2(xp, t) = Me(xp, t)

Msysteme.M̈e + Ksysteme.Me = b.ke.δMe(t)

ÿ = − β

ρ.S.E.I
.ke.(b

T .Me(t) − δMe(t))



b :

Y = ÿ

[Msysteme.s
2 + Ksysteme].M̃e = b.ke. ˜δMe

Ỹ = − β

ρ.S.E.I
.ke.(b

T .M̃e − ˜δM e)

ÿ

δMe(xp, t)) = −G.
∫

ÿ(xp, t).dt

Ỹ

G > 0

˜δMe = k−1
e .G.

1

s
.Ỹ

Ỹ ˜δM(t)

[Msysteme.s
2 + (Ksysteme − b.ke.G.γ.bT

s.I + G.γ.s
)].M̃ = 0

γ = − β

ρ.S.E.I

‖G‖ −→ +∞

[Msysteme.s
2 + (Ksysteme − b.ke.b

T )].M̃ = 0



[
s2.Msysteme + Ksysteme −b.ke

−G.γ.bT (s.I + G.γ)

]
.

[
M̃e

˜δMe

]
=

[
0
0

]

M̃e = φ.m G = g.IN

g > 0

[
s2.IN + Ω2 −φT .b.ke

−g.γ.bT .φ (s. + g.γ).IN

]
.

[
m
˜δMe

]
=

[
0
0

]

˜δMe

ω = diag(ωi)

ω2
i = Ω2

i .(1 − νi) = Ω2
i − φT .b.ke.b

T .φ

s0
mi = −g.

Ω2
i − ω2

i

2.Ω2
i

± j.Ωi

s0
cj = g.γ.(ke.Lj − 1)

bT .K−1
systeme.b.ψ = ψ.L

bT .K−1
systeme.b



s0
cj

δMe |s0
cj|j=1,...,n

Lj 1/ke

δMe

L = diag(Li)i=1,...,n

ke.Lj − 1 =
Lj− 1

ke
1

ke

|Re(smi)|
Ωi

ωi

Ji =
Ω2

i − ω2
i

2.Ω2
i

.minj=1,...,n(ke.Lj − 1), i = 1, ..., N

Ω = diag(Ωi) ω = diag(ωi)
ke

Lj ke.b
T .K−1

systeme.b

Ω2
i−ω2

i

2.Ω2
i

minj=1,...,n(ke.Lj−1)

{ωi}i=1,...,n

{Lj}j=1,...,n
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Ẅs Ẅu

(Ẅ )s

(Ẅ )u

=
s.C + K

s2.M + s.C + K
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Wu
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contrôle

capteur de force F

-g/s

u

K1 C1

W1

Partie
flexible

MASSE m1

MASSE m

k k1

(Ẅ )s

u
=

m1.m.s4 + k.m.s2

M.m1.m.s4 + (k.M.m1 + 2.k.m.m1 + k.M.m).s2 + k2.(M + m + m1))

F

u
=

M.m1.m.s4 + (k.M.m + k.m1.m).s2

M.m1.m.s4 + (k.M.m1 + 2.k.m.m1 + k.M.m).s2 + k2.(M + m + m1))

M
m1

= 10
M
m1

= 0.1
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M.Ẅs + C.(Ẇs − Ẇu) + K.(Ws − Wu) = u

Ẅs + C.(Ẇs − Ẇu) + Ćh.Ẇs + K.(Ws − Wu) = 0

C Ćh K

u = [C.(Ẇs − Ẇu) + K.(Ws − Wu) − M.C.(Ẇs − Ẇu) − M.Ćh.Ẇs − M.K.(Ws − Wu)]

σ

σ = Ẇs +
∫ t

0
[C.(Ẇs − Ẇu) + K.(Ws − Wu) + Ćh.Ẇs]dt



σ = 0

u = û + kd.sign(σ)




û
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P

K

f z

yuc




z(t)
f(t)
y(t)
uc(t)

∞

w(t) = ws(t) − wu(t)

ẅ(t) + 2ξoωoẇ(t) + ω2
ow(t) = Fm.u(t) − ẅu(t)




Fm M u −1

ξo

ωo s−1

y(t) = w(t)

z(t) = ẅu(t) + ẅ(t)

z(t) = Fm.u(t) − 2ξoωoẇ(t) − ω2
ow(t)




 ẋ(t)

z(t)
y(t)


 =


 A B1 B

C1 0 D1

C 0 0


 .


 x(t)

f(t)
uc(t)







x(t) [ωo.w(t), ẇ(t)]t,
uc(t) = Fm.u(t),
f(t) = ẅs(t)

A =

[
0 ωo

−ωo −2ξoωo

]

B1 =

[
0
−1

]

B =

[
0
1

]

C1 =
[
−ωo −2ξoωo

]

C =
[

1 0
]

D1 = [1]

[
z(p)
y(p)

]
= P (p).

[
f(p)
uc(p)

]
uc(p) = K(p).y(p)

P (p) =

[
Pzf (p) Pzuc(p)
Pyf (p) Pyuc(p)

]
=

[
0 D1

0 0

]
+

[
C1

Identite

]
.(p.Identite − A)−1.

[
B B1

]

Tzf =
z(p)

f(p)
= (Pzf (p) + Pzuc(p).K(p)(I − Pyuc(p).K(p))−1Pyf (p))

uc(t)



ẋc(t) = Ac.xc(t) + Bc.y(t)
uc(t) = Cc.xc(t) + Dc.y(t)

cl

Acl =

[
A + B.Dc.C B.Cc

Bc.C Ac

]

H∞
γ2 > 0

‖Tzf‖2 < γ2

H∞
γ∞ > 0

‖Tzf‖∞ < γ∞

H∞

H2

H2 H∞

‖Tzf‖∞
‖Tzf‖2

Tzf

H2
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H∞

mẅs + c(ẇs − ẇu) + k(ws − wu) − H(w,ws) = 0

H(w, ws) = cẇ + kw
ẅs = 0

−40db/dec

H(w, ws) = cẇ +kw ẅs = 0



MASSE M

K
C

Ws

Wu

capteur de force F

u

MASSE m

capteur
de

déplacement
y1

y1(t)

y1(t) = ws(t) − wu(t) = w(t)

F (t)

F (t) = mẅs = −c(ẇs − ẇu) − k(ws − wu) + H(w, ws)

u(t) = H(w,ws)
M

u(t) = K.y1(t) + C.ẏ1(t) − C

M

∫
F (t).dt − K

M

∫ ∫
F (t).dt

u(t)

I(s) =
1

s + a

D(s) =
s

s + b

u(t) ω = 0

PH(s) =
s

s + a



u(t) = TF−1(PH(s).[(k + cD(s))ȳ1(s) − (
c

m
I(s) +

k

m
I(s).I(s))ȳ2(s)])

{
TF−1

x̄(s) x(t)

a b ẅs

aopt bopt

ẅu

wu ẇu

wu

wu

Mgm.ẅu + Cgm.ẇu + Kgm.wu = Fexcitation + K.ws + C.ẇs − u(t)

Mgm M

ωs =
√

K
M

Fexcitation Mgm.ẅs = Fexcitation

Kgm ωs << a

Tẅsẅu TẅsF = TzF

H2 H∞
TzF a b aopt bopt

F (t)

‖TzF‖2 (a, b)
‖TzF‖∞ (a, b)

‖TzF‖2

b
a a

‖TzF‖∞ a, b
a ≈ 0.2Hz
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−→
Z

−→
Z

10−2

Mz̈ + Cż + Kz = f

N.z = Qcontrainte



z f
M K C n × n

Qcontrainte

M K

C

©
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Conditions
de Dirichlet

D.n=0

©



µ µ

di(t)
z(t)



φi

z(t) =
p∑

i=1

φi.di(t)



Mcellule.d̈
cellule(t) + Kcellule.d

cellule(t) = F cellule

dim(dcellule(t))




= ×
×

= 6 × 5 + 5 × 3
= 45
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10−2 µm

[ ∇.T
∇.D

]
= ∇.

[
c −et

e ε

] [ ∇.
−∇.V

]
=

[
ρ.¨ − f

ρe

]

ω

[ ∇.T
∇.D

]
= ∇.

[
c −et

e ε

] [ ∇.
−∇.V

]
=

[ −ρ.ω2. − f
ρe

]

− ∫
Ω0

.(f + ρ.ω2. ).dΩ0 =
∫
Ω0

.∇.T.dΩ0

Ω0

∫
Ω0

.∇.T.dΩ0 =
∫
∂Ω .(T. ).d∂Ω − ∫

Ω0
S : T.dΩ0

{
∂Ω



− ∫
Ω0

.(f + ρ.ω2. ).dΩ0 =
∫
∂Ω .(T. ).d∂Ω −

∫
Ω0

S : T.dΩ0︸ ︷︷ ︸
A

A =
∫
Ω0

S : (c.S − eT .E).dΩ0

A =
∫
Ω0

S : (c.S).dΩ0 −
∫
Ω0

S : (eT .E).dΩ0︸ ︷︷ ︸
C

C =
∫
Ω0

(e11.E1.S1 − e11.E1.S2 + e14.E1.S4 − e14.E2.S5 − e11.E2.S6).dΩ0









−→
Z

2 = 0

C =
∫
Ω0

(e11.E1.S1 − e11.E1.S2 + 2.e14.E1.S4).dΩ0

S1 S2 S4 �y
y0 −→

X
µ

©
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∂V

∂x
(
−l

2
, z) = 0 ∀ z

∂V

∂x
(
l

2
, z) = 0 ∀ z

Z(0) = 0 Z(h) = 1

V = +V z = h x ∈ [
−l

2
+ b,−a]

V = −V z = h x ∈ [a,
l

2
− b]

E2 = 0 


div( �D) = 0
⇐⇒ ε1.

∂E1

∂x
+ ε3.

∂E3

∂z
= 0

⇐⇒ −ε1.
∂2V (x,z)

∂x2 − ε3.
∂2V (x,z)

∂z2 = 0

V (x, z) = X(x).Z(z)


 X(x) = A1. sin( k√

ε1
.x) + A2. cos( k√

ε1
.x)

Z(z) = A3. sinh( k√
ε3

.z) + A4. cosh( k√
ε3

.z)

A1, A2, A3 A4




Z(0) = 0 =⇒ A4 = 0
Z(h) = 1 =⇒ A3. sinh( k√

S3
.h) = 1 =⇒ A3 = 1

sinh( k√
S3

.h)

Z(z) =
sinh( k√

ε3
.z)

sinh( k√
ε3

.h)

V (x, z) = (A1. sin(
k√
ε1

.x) + A2. cos(
k√
ε1

.x)).
sinh( k√

ε3
.z)

sinh( k√
ε3

.h)

∂V (x, z)

∂x
= (A1.

k√
S1

. cos(
k√
ε1

.x) − A2.
k√
ε1

. sin(
k√
ε1

.x)).
sinh( k√

ε3
.z)

sinh( k√
ε3

.h)




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|k√
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2
) + A2.

k√
ε1

. sin( k√
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. l
2
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l
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l
.x).

sinh( k√
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l
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2
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l
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l
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0 n �= m
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l
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2
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l
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cellule(t) = F cellule + F cellule
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F cellule
controle

φT
1 .Mcellule.φ1.η̈1(t) + φT

1 .Ccellule.φ1.η̇1(t) + φT
1 .Kcellule.φ1.η1(t) = φT

1 .F cellule + φT
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2
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Vsat Gamme©
electrode e−14

Pcontrle = Gamme ∗ (Vsat)
2 ∗ Celectrode

=⇒ Pcontrle = 5000 ∗ (200)2 ∗ 1.65e−14 = 3.3e − 6
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ycapteur = α.w(Lpoutre

2
, t) + β.M.

∂2w(
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


(−L
2
, z) = 0

(L
2
, z) = 0

V ([−L
2
, L

2
], 0) = 0

V ([−Lpv

2
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2
], hp) = 0

V ([−L
2
,−L

2
+ Lp], hp) = Vactionnement

V ([L
2
− Lp,

L
2
], hp) = Vactionnement

−→
D −→n

ξ = 0.132%
©



Conditions de Dirichlet en tension

Conditions de Dirichlet en déplacement

Y

X

qcapteur = α.ws
5
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5
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β = 3.878e−7
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w =
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=⇒ Pcontrle = 5000 ∗ (25)2 ∗ 20e−9 = 62.5e − 3
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Me(x, t) = E.I.∂2w(x,t)
∂x2

∂2Me(x,t)
∂x2 = −ρ.S.∂2w(x,t)

∂t2




E.I.S.ρ
ke

.∂3w1(xp,t)
∂2t∂x

= −(E.I.∂2w1(xp,t)
∂x2 − E.I.∂2w2(xp,t)

∂x2 − δMe(xp, t))

−E.I.S.ρ
ke

.∂3w2(xp,t)
∂2t∂x

= −(E.I.∂2w2(xp,t)
∂x2 − E.I.∂2w1(xp,t)

∂x2 + δMe(xp, t))




J = E.I.S.ρ
ke

E.I.∂2w1(xp,t)
∂x2

E.I.∂2w2(xp,t)
∂x2

δMe(xp, t)

xp

∫ L
0 E.I.∂2w(x,t)

∂x2 .∂2w̃(x,t)
∂x2 dx +

∫ L
0 ρ.S.∂2w(x,t)

∂t2
.w̃dx

= (−δM(xp, t) + S.ρ.E.I
ke

.∂3w(xp,t)
∂2t∂x

).(∂w̃(xp,t)
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◦

ρ = 7500kg.m−3

◦

E = 1.14 × 1011Pa

◦

ν = 0.32

Cαβ =




C11 C12 C13 0 0 0
C12 C11 C13 0 0 0
C13 C13 C33 0 0 0
0 0 0 C44 0 0
0 0 0 0 C44 0
0 0 0 0 0 C66




Cαβ 1010N.m−2




C11 = 12.72
C12 = 8.02
C13 = 8.46
C33 = 11.74
C44 = 2.29
C66 = 2.34



eαβ =
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0 0 0 0 e15 0
e31 e31 e33 0 0 0
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e31 = −6.62
e33 = 23.24
e15 = 17.03

εαβ =
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 ε11 0 0

0 ε11 0
0 0 ε33




εαβ 10−11F.m−1
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ε11 = 150.91
ε33 = 126.93

◦

ρ = 2648kg.m−3
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E = 0.8 × 1011Pa
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ν = 0.28
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C11 C12 C13 C14 0 0
C12 C11 C13 −C14 0 0
C13 C13 C33 0 0 0
C14 −C14 0 C44 0 0
0 0 0 0 C44 C14

0 0 0 0 C14
C11−C12

2



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C11 = 8.67
C12 = 0.70
C13 = 1.19
C14 = −1.79
C33 = 10.72
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0 0 0 0 0 0
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εαβ 10−11F.m−1

{
ε11 = 3.98
ε33 = 4.073
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