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ẋ = Ax+Du 234I6!0-
 x; ,- 0-
*-/: "A#*!*; *-, ./- 1
x =

{
ṡ
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f(y, ẏ) = x(t)−mÿ <A8BC=D1 & $ ''" $ "'+ 
.22)"% &7"E
1+ +1.2 x(t) "+ &7 
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$% %,&)
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8(2, %$% %4&,2$% %)& %$% $0,&'$%= &'($% >(2, !4)
8$&%( 
4)
6$ 
(
6'$ %)& $88$79?9$.#-$1$, +$ 
$,,$ !4)
8$ $%, +$ &$
432$& %(0% (),&$ ,&(2,$9$0, 8( @(8$)& +$8( 
4)
6$ 
(
6'$ +(0% 8( 
4)
6$ +$ 
40,$*,$= +$ ,$88$ %4&,$ :)$ 8-',(, +$8( 
4)
6$ +$ 
40,$*,$ ; )0 ,$93% ) $%, 'A(8 ; 8-',(, +$ 8( 
4)
6$ 
(
6'$() ,$93%  )7B". C$,,$ !4)
8$ &'
)&&$0,$ 3$&9$, +$ &$,$02& )0$ ,&(
$ +$%'@'0$9$0,% 3(%%'%.D4)& ()A9$0,$& 8( 3$&>4&9(0
$ +) &'%$()= &'($% ( 9)8,2382' 8$% @$
,$)&%+-',(, 34)& %,4
E$& )0 9(*29)9 +-20>4&9(,240% %)& 8$% ',(,% 3&'
'+$0,%./0 $1$,= (@$
 8$ 9?9$ 049!&$ +$ 342+% 9(2% (@$
 )0 049!&$ +$ @$
,$)&%+-',(,% 38)% A&(0+= 8$ &'%$() (33&$0+ 38)% @2,$ FBGH℄.J. #$% 
(&,$% ,43484A2:)$%= :)2 
40,2$00$0, K (" *+',-."/$%010%/ 2$34  *.2 " K :)2 ),282%$ )0 (33&$0,2%%(A$ 040 %)3$&@2%':)2 3&4+)2, )0$ &$3&'%$0,(,240 +2%
&',2%'$ ; +$)* +29$0%240% +$% $0,&'$%0499'$ 
(&,$ 4) 2$3 FLM℄. !" #$% C(&,$% +$ 5!6!%+% K :)2 ( 34)& 4!N$, +$ >(2&$ (33(&(O,&$ )0$ 4&A(027%(,240 +(0% )0 $0%$9!8$ +$ +400'$%= 34)@(0, ?,&$ +$ 0(,)&$ :)$8
40:)$FMG℄. !" #$%&'() *&% +*(% ','+-$% . *' /0,$*1%'-102 2023*12$'14&#$% &'%$()* 0$)&40()* 8$% 38)% (+(3,'% ; 8( 94+'82%(,240 0407820'(2&$ %40, )0$
49!20(2%40 +-)0 &'%$() +$ 0$)&40$% 
8(%%2:)$ (@$
 )0 @$
,$)& +$ &'A&$%%240 ,$9734&$88$ :)2 &'%)8,$ +-)0$ %,&)
,)&$ +$ 94+P8$ 0407820'(2&$.D4)& 
493&$0+&$ 8( %,&)
,)&$ +-)0 94+P8$ 0407820'(2&$= 28 >(), 
499$0
$& 3(&$*382:)$& 8( %,&)
,)&$ +-)0 94+P8$ 820'(2&$ FBBQ℄.R0 %S%,P9$ 820'(2&$ 3$), ?,&$ +'
&2, 3(& )0 94+P8$ :)2 ( 8( >4&9$ %)2@(0,$ K
y(t) = G(q−1)u(t) +H(q−1)e(t)  H.J"(@$
 7 $, 8 +$% 43'&(,$)&% 820'(2&$% (@$
 )0$ &'A&$%%240 ,$934&$88$ ,$88$ :)$ q(−d)x(t) =

x(t − d)= d $%, )0 9)8,238$ +$ 8( 3'&24+$ +-'
6(0,288400(A$= e(t) $%, )0 !&)2, !8(0
20+'3$0+(0, +$% $0,&'$% 3&'
'+$0,$%= u(t) $%, 8$ @$
,$)& $0,&'$ $, y(t) 8$ @$
,$)&%4&,2$.#( %,&)
,)&$ +) 94+P8$ $%, 8-$0%$9!8$ +$% 94+P8$% 
(0+2+(,% ,$8 :)$ K
M : [G(q−1, θ), H(q−1, θ),$8 :)$ θ ∈ Dm],  H.H"
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θ  !" 
$%!"&"'( ) p *+,+-.", ! /+,&+01 !  " Dm  !" '% !$'!2 %! -01 ) R

p )+%!1 3' 1 ! 4+&" 1+ , 
5 ,
5 )' -$).1 6 7 -$).1 ! ,(!'- 8 '% 
5$&9 *+,"&
'1& , ) 
θ = θ067+ !",'
"', )' -$).1 * '" :", , *,(! %"( +/ 
 '% +'", 4$,- 3'&  !" 
 11 ) *,()&
"&$% ;̂

y(t| t− 1, θ) = H−1(q−1, θ)G(q−1, θ)u(t) + [1−H−1(q−1, θ)]y(t) <=6>?7+ 4$,- @(%(,+1 ) 1+ !",'
"', )A'% -$).1  !" +'!!& , *,(! %"( 
$-- !'&" ;
A(q−1)y(t) = q(−d)B(q

−1)

F (q−1)
u(t) +

C(q−1)

D(q−1)
e(t) <=6B?+/ 
 ;

A(q−1) = 1 + a1q
−1 + ...anq

−n

B(q−1) = b0 + b1q
−1 + ...bmq

−m

C(q−1) = 1 + c1q
−1 + ...ckq

−k

D(q−1) = 1 + d1q
−1 + ...dlq

−l

F (q−1) = 1 + f1q
−1 + ...frq

−rC1  9&!" *1'!& ',! !",'
"', ! ) -$).1 1&%(+&, D %$'! +11$%!  9*$! , 1 ! *1'! &-2*$,"+%" ! *$', %$", +**1&
+"&$% ;E 7+ !",'
"', )' -$).1  !" # $%&!'()'*+,'- '"%')./0 +.1$%2 3'&  !" )(F%&"*+, ;
G(q−1, θ) = q(−d)B(q

−1)

A(q−1)
 " H(q−1, θ) =

1

A(q−1)
<=6G?H% 
$-0&%+%" 1 ! (3'+"&$%! =6>  " =6B +/ 
 =6GD 1 *,()&
" ', *, %) 1+ 4$,- !'&/+%" ;

ŷ(t| θ) = q−dB(q−1)u(t) + [1−A(q−1)]y(t) = ϕT (t)θ <=6I?J/ 
 ;
ϕT (t) = [y(t− 1), ..., y(t− n), u(t− d), ..., u(t− d−m)]T  " <=6K?

θ = [−a1, ...,−an, b0, ..., bm]
T <=6LM?N& % 3' G *$!!.) ) ! *�1 !D &1 P + "$'Q$',! '% , 1+"&$% +1@(0,&3'  %", 1+ *,()&
"&$%D 1 !  %",( !  " 1 ! !$,"& ! +/ 
 '% , "+,) " -*$, 16 R$', 
 1+D1 *,()&
" ',  !" "$'Q$',! !"+01 -:- !& 1 !P!".-  !" &%!"+01 6 SA !" '% 
+,+
"(,&!"&3' ",.! &-*$,"+%" ) 1+ !",'
"', )' -$).1  !"6E 7+ !",'
"', )' -$).1  !3 " # $%&!'()'*+,'- 3&,+.(  ,')/('- '"%')./0+.1$%2 3'&  !" )(F%&" *+, ;

G(q−1, θ) = q(−d)B(q
−1)

A(q−1)
 " H(q−1, θ) =

C(q−1)

A(q−1)
<=6LL?



 !" #$%&'()*+($, -*. '/) .&)/*01 %/ ,/0.$,/) ! 
#$%&!'!( )*+ ,-.'(&#!+ /01 *( /02 '3*
 /0445 )* 67,8&
(*.7 67*!8 )' 9#7$*+.&3'!(* :
ŷ(t| θ) = q−dB(q−1)u(t) + [1−A(q−1)]y(t) + [C(q−1)− 1]ǫ(t, θ) = ϕT (t, θ)θ;/04<='3*
 : ǫ(t, θ) = y − ŷ(t| θ)5 
>*+( )>*77*.7 8* 67,8&
(&#!5

ϕ(t, θ) = [y(t− 1), ..., y(t− n), u(t− d), ..., u(t− d−m), ǫ(t, θ), ..., ǫ(t− k, θ)]T;/04?=*(
θ = [−a1, ...,−an, b0, ..., bm, c1, ..., ck]

T ;/04/=@ 
'.+* 8* )' 67,+*!
* 8. 6#)A!#$*+ C5 )* 67,8&
(*.7 6#++B8* 8*+ 6�)*+0 @&!+&56#.7 -.* )* 67,8&
(*.7 +#&( +('%)*5 )*+ 7'
&!*+ 8* C 8#&3*!( 7*+(*7 D )>&!(,7&*.78>.! 
*7
)* .!&(,0  ! 6).+5 
*+ 6�)*+ &$6)&-.*!( -.* )* 3*
(*.7 8* 7,E7*++&#!
ϕ *+( 8,6*!8'!( 8*+ 6'7'$B(7*+ 8. $#8B)* θ5 
* -.& 7*!8 )>*+(&$'(&#! 8* 
*+6'7'$B(7*+ %*'.
#.6 6).+ 
#$6)&-.,*0F'&!(*!'!(5 6'++#!+ '. 
'+ !#!G)&!,'&7*0H*+ 
#!(7*G6'7(&*+ !#!G)&!,'&7*+ '. $#8B)* )&!,'&7* +#!( #%(*!.*+ 6'7 )' 9#7$.)*+.&3'!(* :

y(t) = g[ϕ(t, θ), θ] + e(t) ;/041=*( 6#.7 )* 67,8&
(*.7 :
ŷ(t| θ) = g(ϕ(t, θ), θ) ;/042=@3*
 ϕ(t, θ) )* 3*
(*.7 8* 7,E7*++&#!5 θ *+( )* 3*
(*.7 8*+ 6'7'$B(7*+ 3'7&'%)*+
#$$* )*+ 6#&8+ 8>.! 7,+*'. 8* !*.7#!*+5  *+( )' 9#!
(&#! 7,')&+,* 6'7 )* 7,+*'.!*.7#!') *( !"#$ *+( .! %7.&( %)'!
0I*)#! )* 
J#&K 8. 3*
(*.7 8* 7,E7*++&#!5 8&L,7*!(*+ +(7.
(.7*+ 8* $#8B)*+ !#!G)&!,'&7*+ '66'7'&++*!(0 I& )* 3*
(*.7 8* 7,E7*++&#! *+( 
J#&+& 
#$$* 
*).& 8. $#8B)*%&'5 )* 7,+*'. !*.7#!') 7,+.)('!( *+( '66*), ((%&' 
#$$* .!* '
7#!A$* 8*(!)*+, (!#-.*/ %&'0 I& )* 3*
(*.7 8* 7,E7*++&#! *+( 
*).& 8* %&0%'5 )* 7,+*'. 8*!*.7#!*+ 7,+.)('!( *+( ((%&0%'040 H* 7,+*'. ((%&' -.& *+( 7*67,+*!(, 8'!+ )' ME.7* +.&3'!(* /0N5 7*67,+*!(*)' 
#!ME.7'(&#! 8>'667*!(&++'E* 8. 7,+*'. '3*
 )"#$5 )*+ *!(7,*+5 1"#$5 )' +#7(&*$*+.7,* *( ŷ(t)5 )' +#7(&* 67,8&(*0O.*)-.* +#&( )* (A6* 8* +A+(B$*5 )' 67,8&
(&#! 8* +#! ,('( '. (*$6+ # !,
*++&(*'. $#&!+5 6#.7 .! +A+(B$* D 
#$6#7(*$*!( 8A!'$&-.* )&!,'&7*5 )' 
#!!'&+G+'!
* 8* )>,('( '. (*$6+ t − ∆t0 P'7 '&))*.7+5 )*+ +#))&
&('(&#!+ 6*!8'!( )'6,7&#8* 8* )' 67,8&
(&#!5 
>*+(GDG8&7* 8'!+ )>&!(*73') 8* (*$6+ ∆t5 +#!( +.66#G+,*+ 
#!+('!(*+ Q44<℄0P).+ .! +A+(B$* ' .! 
#$6#7(*$*!( !#!G)&!,'&7*5 6).+ )' 
#!!'&++'!
* 8. 6'++,
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 !"# $#% & '( )*+(,- .(-)/.,0   !"##(+1 !.2!+3(.+,40(# '( )*+(,-   !"# 1!(.1 
/631( 2(+ !.7/)6,1!/.+ 1(63/8)(00(+ 3)*
*2(.1(+ (1 -.( )(0,1!/. ,0"*4)!9-( 3-)( (:!+1( (.1)( 0(+ 3)*2!
1!/.+;0(+ 6(+-)(+ (1 0(+ (.1)*(+ ,<(
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(00( 2(   !"# 6,!+ ,<(
  !"#$ ./-+ 3/-</.+ (.<!+,"() 0, 
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1!/. 2C-. 6/2=0( ,<(
 30-+!(-)++/)1!(+#D# '( )*+(,-   !"$!# (+1 )(3)*+(.1* 2,.+ 0, E"-)( $#F# G/-+ 3/-</.+ 0( 
0,+8+() 3,)6! 0(+ )*+(,-: )*
-))(.1+# H0 , 
/66( (.1)*( (. 30-+ 2(+ +/)1!(+ (1 2(+(.1)*(+ 6(+-)*(+; -.( 7/.
1!/. 2C())(-) 9-! 6(+-)( 0, 2!I*)(.
( (.1)( 0, 3)*82!
1!/. (1 0, +/)1!( 6(+-)*(# J/-+ 0(+ 1K3(+ 2C(.1)*(+ +-4!++(.1 -.( )*")(++!/.2,.+ 0( 1(63+#L/-) 0( 6/2=0( 0!.*,!)( !"$!#; ./-+ 3/-</.+ ",),.1!) 0, +1,4!0!1* 2- 3)*2!
81(-) (. +C,++-),.1 9-( 0(+ ),
!.(+ 2( % +/.1 2,.+ -. 
()
0( -.!1*# M,!+ 3/-)0( 6/2=0( ./. 0!.*,!)(   !"$!#; !0 (+1 4(,-
/-3 30-+ 2!N
!0( 2C,.,0K+() 0,+1,4!0!1* O%P℄#R<(.1-(00(6(.1; 0, +1,4!0!1* 3(-1 S1)( 
/.+!2*)*( 
/66( -.( 3)/3)!*1* 0/
,0(#  !"$!# (+1 +1,40( 2,.+ 
()1,!.+ )*"!6(+ (1 ./. +1,40( 2,.+ 2C,-1)(+# T,.+1/-+ 0(+ 
,+; 0, +1,4!0!1* 2(   !"$!# 3(-1 (."(.2)() 2(+ 3)/40=6(+ 2,.+ 0,3),1!9-(# L/-) 
(11( ),!+/.; ./-+ ,00/.+ 
@/!+!   !"#$ 
/66( +1)-
1-)( 2(6/2=0( ./.80!.*,!)(#U!.+!; 0, +/0-1!/. 3)/3/+*( (+1 2C-1!0!+() 
/66( (.1)*(+ 2- 6/2=0( ./.80!.*,!)(-. <(
1(-) 2( )*")(++!/. 1(63/)(0 2- 1K3(   !"#$ 1/-1 (. ,2,31,.1 
/66(,)
@!1(
1-)( !.1*)!(-)( 2- 6/2=0(; -. )*+(,- .(-)/.,0 
0,++!9-( 9-! (+1 0( &'(
'&*(+,-./*0
+.
1'2 3$% OVVA℄#'( 3$% , *1* 
@/!+! 
,) !0 (+1 ,<,.1,"(-: 3/-) 0C,33)(.1!++,"( 2(+ )(0,1!/.+ ./.8
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 !"# $#% & '( )*+(,- .(-)/.,0   !"#!$#0!.*,!)(+ 1-! +( 2)/-3(.2 4,.+ -.( 5,+( 4( 4/..*(+#6(22( +/0-2!/. , ,-++! 0(+ ,3,.2,"(+ +-!3,.2+ 7& 68(+2 -.( (92(.+!/. .,2-)(00( 4(+ +2)-
2-)(+ 0!.*,!)(+ 
/..-(+#& '8,)
;!2(
2-)( !.2*)!(-)( 4- %#& <(-2 =2)( ,-">(.2*( "),4-(00(>(.2 </-)/52(.!) -.( <0-+ "),.4( ?(9!5!0!2* </-) 4(+ >/4@0(+ <0-+ 
/><0(9(+#& '(+ 4*
!+!/.+ A <)(.4)( <,) 08-2!0!+,2(-) +/.2 )*4-!2(+ A -. ./>5)( ),!+/..,50(#& 6( 2B<( 4( >/4@0( (+2 3,0,50( </-) 0(+ <)/50@>(+ 4( 
/.2)�0(# !" #$%&'( )' *% 
,-
'&$.,- )/0- 12('%0 )' -'01,-'('( <)/
(++-+ 4( >/4*0!+,2!/. 48-. +B+2@>( <,) )*+(,- 4( .(-)/.(+ 
/></)2(<0-+!(-)+ *2,<(+ 
/>>( 0( >/.2)( 0, D"-)( $#E#', <)(>!@)( 
;/+( A F,!)( ,3,.2 4( 
;/!+!) 0( 2B<( 4( )*+(,- 
8(+2 4( )*,0!+() 0(+(++,!+ 3!5),2/!)(+ </-) </-3/!) 
/.+2!2-() 0(+ *
;,.2!00/.+ 4(+ 4/..*(+ 48,<<)(.2!+G+,"(H 48*<-),2!/. (2 4( 3,0!4,2!/.# 6(22( *2,<( (+2 
)-
!,0( (2 3, ,!4() 0( 
/.
(<2(-)A 4*2()>!.() 0( 2B<( 4( )*+(,- 0( <0-+ ,<<)/<)!* </-) )*+/-4)( +/. <)/50@>(#', F,I/. 4/.2 +( <)*+(.2( 08*
;,.2!00/. 
/.4!2!/..( 7 0( 2B<( 4( )*+(,-H 0( ./>5)( 4(.(-)/.(+ 48(.2)*(+H 0( ./>5)( 4( .(-)/.(+ 4( +/)2!( (2 0, F,I/. 4/.2 !0 F,-4), >(.()08,<<)(.2!++,"(H 08*<-),2!/. (2 0, 3,0!4,2!/.#
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 !"# $#% & '()*+
-. /. 0* )1/(0!2*3!14#54. 61!2 0.2 (
-*43!00142 7+8329 41:2 71:;142 
-1!2!+ 0* 23+:
3:+. /: +(2.*:# <0 6*:3/=*>1+/ 
-1!2!+ 0. 3?7. /. +(2.*: @ :4  !"
! $"%&9 :4 '% (!)*9 :4 +%,%&!&### '*42 0.
*2 /: 7.+
.73+14 7*+ .A.)70.9 !0 6*:/+* *:22! 
-1!2!+ 0. 41)>+. /. 
1:
-.2 
*
-(.2.3 0. 41)>+. /. 4.:+14.2 /*42 
-*B:. 
1:
-. 
*
-(.#C=(3*7. 2:!;*43. .23 0=.23!)*3!14 /: )1/D0. B:! 
1)71+3. 0=*77+.43!22*". .3 0=(7:E+*3!14# C=*77+.43!22*". 
142!23. 31:3 /=*>1+/ F 
*0
:0.+ 0.2 71!/2 173!)*:A /.2 /!6E6(+.43.2 0!*!2142 .3 0=(7:+*3!14 7.+).3 /. 3+1:;.+ 0=*+
-!3.
3:+. 173!)*0. /: +(2.*:.4 173!)!2*43 70:2!.:+2 3?7.2 /=.++.:+2#C* 7+1
(/:+. .23 3.+)!4(. 7*+ 0* ;*0!/*3!14 /: )1/D0. 1>3.4: 7*+ 0.2 +(2.*:A /. 4.:E+14.2# 54. 61!2 0. +(2.*: 
*0
:0(9 !0 6*:3 31:G1:+2 7+1
(/.+ F /.2 3.232 *H4 /. ;(+!H.+0* 
*7*
!3( /. "(4(+*0!2*3!14 /: +(2.*:# <0 ? * 70:2!.:+2 )(3-1/.2 71:+ .I.
3:.+ :4.;*0!/*3!14 @ 0* ;!2:*0!2*3!14 "+*7-!B:.9 0. 
*0
:0 /.2 
1++(0*3!142 .3 0=-!231"+*)). /.0=.++.:+ /. 7+(/!
3!14# !"!# $%%&'%C* 7+.)!D+. 7*+3!. /. 0* /()*+
-. 
142!23. F 
100.
3.+ /.2 !461+)*3!142 F 7*+3!+/. 70:2!.:+2 .22*!2 ;!>+*31!+.2 /: 2?23D). )(
*4!B:.# C.2 .22*!2 /1!;.43 83+. +(*0!2(2
1461+).).43 F 0* 7+1
(/:+. /.2 .22*!2 ;!>+*31!+.2 /(;.0177(. /*42 0. 
-*7!3+. J#K1:2 *00142 +(
*7!3:0( B:.0B:.2 71!432 .22.43!.02 @#((%.( &12%*%5*'( &,01 *% 
,--%.((%-
' 62-21%*' )0 (7($89'L4 7+!4
!7.9 *;*43 0* 
100.
3. /.2 !461+)*3!142 :3!0.2 71:+ 0=(0*>1+*3!14 /: +(2.*:/. 4.:+14.29 !0 .23 !43(+.22*43 /. +(*0!2.+ /.2 3.232 71:+ *;1!+ :4. !/(. /: 
1)71+3.E



 !" #$%&'()*+($, -*. '/) .&)/*01 %/ ,/0.$,/) !"# $%"%&'() *'& !+! *(! *,-& 
,""'/#&! (!0 1&%2-!"
!0 *&,*&!0 !# *,-& 
'&'
#%&30!&(!0 ","4(3"%'&3#%0 5- 060#7 ! 89:℄<2&+/.3(,*+($, %/ '* 4.&50/,
/ %7&
8*,+(''$,,*9/=' >,"! 5! 1&%2-!"
!0 
,-?!&#! *'& (!0 0,((3
3#'#3,"0 5! (' *('#!41,& ! ?3@&'"#! !0#5! 9 A BCCC D>< E!
3 ?!-# 53&! 2-! 03 ",-0 !F!
#-,"0 -"! '
2-303#3," 03"-0 @'('6% A*'0 
,"0#'"# 5G%
H'"#3((,""'$!) 3( 1'-5&'3# %
H'"#3((,""!& '-#,-& 5! BC CCC D>< E!
303$"3I! ",#'  !"# *,-& (!0 0,((3
3#'#3,"0 A 1'3@(!0 1&%2-!"
!0 !" 03"-0 @'('6%) -" ,&
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